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This paper deals with the acoustic velocity field simulation generated by interaction of flow with moving bodies.

Starting from the Ffowcs Williams and Hawkings equation, an analytical formulation of the acoustic velocity is

derived for sources in arbitrary motion. This makes the imposition of the boundary condition on a (rigid) scattering

surface much more straightforward, as, if the traditional pressure formulation is used, then the pressure gradient

must be calculated. Computational results for a pulsating sphere, dipole source, and a propeller case with subsonic

tips verify this formulation.

Nomenclature

a 0i = acoustic velocity components
c0 = ambient speed of sound
f = data surface function
G = Green’s function
g = retarded time function
Li = loading source term
Mi = source Mach number components
n̂i = surface unit normal components
p = pressure
p 0 = acoustic pressure
Q = thickness source term
q = source term
r = distance between observer and source
r̂i = radiation direction unit
S = data surface area
t = observer time
ui = flow velocity
vi = data surface velocity
xi = observer position
yi = source position
β = angle of observer
δ = Dirac delta function
ρ = flow density
ρ0 = undisturbed flow density
τ = emission time variable

I. Introduction

T HE ability to predict the velocity components of a sound wave
radiated by a solid object in a fluid flow is one of the most

significant goals in computational aeroacoustics. The need for
acoustic velocity prediction exists in a wide range of aeroacoustic
applications dealing with acoustic scattering problems, such as noise
scattering by fuselage and wings in aircraft and noise scattering in
rotating machines [1,2]. The various methods (for instance, [3]) for
the solution of noise scattering problems require the acoustic velocity

evaluation on the scattering surface. The evaluation of the acoustic
velocity on the scattering surface is required in order to meet the
boundary conditions (for instance, [4,5]). So far, the acoustic velocity
has been evaluated using the acoustic pressure gradient through the
linearized momentum equation. A direct numerical evaluation of the
pressure gradient can be expensive for realistic cases. Recently, Lee
et al. [6] have developed an efficient analytical formulation for the
calculation of the acoustic pressure gradient. This formulation, which
is referred to as formulation G1A, reduces the computational effort
for the pressure gradient calculation. However, this formulation is
somewhat complicated, and an indirect tool for acoustic velocity
calculation. The present work is oriented to the development of an
alternative, computationally efficient formulation, which determines
the acoustic velocity directly.
In this paper, an analytical formulation of the acoustic velocity

prediction is developed for sources in arbitrary motion. Starting from
the Ffowcs Williams and Hawkings (FW-H) equation [7] with a
penetrable data surface (FW-Hpds), and following the procedure used
by Farassat for the derivation of formulations 1 and 1A [8,9], the
acoustic velocity formulation is developed in the time domain. The
derived formulation uses the flowfield data on the data surface
enclosing themoving body and predicts the acoustic velocity field for
an observer fixed to a medium at rest. This analytical formulation
makes the imposition of the boundary condition on a (rigid) scattering
surface much more straightforward, as, if the traditional pressure
formulation is used, then the pressure gradient must be calculated.
It will be demonstrated that the developed formulation is

significantly simpler than formulation G1A. Furthermore, this
formulation is much easier to implement and requires fewer
numerical operations than formulation G1A. Computational results
for a pulsating sphere, a three-dimensional dipole source, and a
conventional helicopter blade case with subsonic tips verify the
derived formulation.
The layout of this paper is as follows: In Sec. II, the mathematical

background of sound radiation is given. In Sec. III, we develop the
formulation to compute acoustic velocity field from noise sources on
a data surface. In Sec. IV, we describe the verification test cases
chosen, presenting numerical results. Finally, we end with the
conclusions in Sec. V.

II. Radiated Sound Field

We begin with the general form of the FW-H equation [7] as our
governing equation given by

�
1

c20

∂2

∂t2
− ∇2

�
fp 0�x; t�g � q�x; t� (1)

Received 15 March 2012; revision received 30 June 2012; accepted for
publication 31 July 2012; published online 27 November 2012. Copyright ©
2012 by the American Institute of Aeronautics and Astronautics, Inc. All
rights reserved. Copies of this paper may be made for personal or internal use,
on condition that the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include
the code 1533-385X/12 and $10.00 in correspondence with the CCC.

*Professor, Pleinlaan 2; ghader.ghorbaniasl@vub.ac.be. Member AIAA.
†Lecturer; m.j.carley@bath.ac.uk.
‡Professor, Pleinlaan 2; chris.lacor@vub.ac.be. Senior Member AIAA.

632

AIAA JOURNAL
Vol. 51, No. 3, March 2013

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
N

N
E

SS
E

E
 o

n 
A

pr
il 

1,
 2

01
3 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

19
58

 

http://dx.doi.org/10.2514/1.J051958


Akey feature of thewave equation obtained for a solid body in a flow
is that it is an inhomogeneous wave equation for the external flow
problem, embedded in unbounded space. Given the forced wave
equation in a stationary medium, the source distribution can
be thought of as a distribution of impulsive point sources such
that

q�x; t� �
Z
t

−∞

Z
∞

−∞
q�y; τ�δ�x − y�δ�t − τ� d3y dτ (2)

The pulse δ�x − y�δ�t − τ� is released at the source point y at time τ,
and the fluctuating pressure p 0 is measured at the observation point x
at time t. By using the free space Green’s function G � δ�g�∕r,
where g � t − τ − r∕c0, an integral representation of the solution
can be readily found as follows:

p 0�x; t� �
Z
t

−∞

Z
∞

−∞
q�y; τ� δ�g�

4πr
d3y dτ (3)

where c0 stands for the speed of sound, and r � jx − yj is the distance
between observer and source. In this equation, the term q�y; τ�
consists of three source termswhich, because of their physical origin,
are called thickness, loading, and quadrupole. In the following, we
concentrate on the loading and thickness contributions, which are
surface noise sources, dominant in the tone noise of turbomachines.
Let

q�y; τ� � −
∂
∂xi
�Liδ�f�� �

∂
∂t
�Qδ�f�� (4)

where δ�f� is the Dirac function for the data surface described by
f�y; τ� � 0. This function has been defined such that ∇f � n̂ [8],
which is the outward-pointing unit vectorwith components of n̂i. The
thickness source term Q and the loading source term Li for a data
surface moving with the velocity components vi are given by

Q � ρ�un − vn� � ρ0vn Li � ρ�un − vn�ui � pn̂i (5)

where ui are the fluid velocity vector components. The terms un and
vn are, respectively, the fluid and the data surface normal velocity in
the frame fixed to the undisturbed medium. The term ρ0 denotes the
density of the undisturbed medium, and p being the local fluid
pressure and ρ the local fluid density.
The procedure of the solution for the thickness and loading sources

has already been detailed by [9] for the derivation of formulations 1
and 1A in the time domain. Following this procedure gives the
loading and the thickness acoustic pressure time history as follows:

p 0�x; t� � p 0T�x; t� � p 0L�x; t� (6)

with

4πp 0T�x; t� �
∂
∂t

Z
S

�
Q

r�1 −Mr�

�
e

dS

4πp 0L�x; t� �
1

c0

∂
∂t

Z
S

�
Lr

r�1 −Mr�

�
e

dS�
Z
S

�
Lr

r2�1 −Mr�

�
e

dS (7)

where S represents the moving data surface function defined in a
reference frame called the η-frame fixed relative to the data surface. In
this equation, Lr � Lir̂i and Mr � Mir̂i, with r̂i � jxi − yij∕r and
Mi � vi∕c0. The subscript e indicates that all of the values have to be
taken at the retarded time, where g � 0, i.e., τe � t − re∕c0
with re � jx − y�η; τe�j.

III. Acoustic Velocity Formulations

We can rewrite Eq. (7) in the following form:

4πp 0T�x; t� �
∂
∂t

Z
S

�
Q

r�1 −Mr�

�
e

dS;

4πp 0L�x; t� �
∂
∂t

�
1

c0

Z
S

�
Lr

r�1 −Mr�

�
e

dS

�
Z
t

0

�Z
S

�
Lr

r2�1 −Mr�

�
e�
dS

�
dt�
�

(8)

where t� in the outer integral of the second term on the right denotes
the observer time. We have assumed that the body starts to move at
t � 0, so that there is no effect of initial conditions on the acoustic
field. The subscript e� indicates that all of the variables between
the bracket have to be calculated at the retarded time τe� associated
with the observer time t�, i.e. τe� � t� − re�∕c0 where re� �
jx − y�η; τe� �j.
We shall continue with defining a new symbol as follows:

p 0�x; t� � ∂B�x; t�
∂t

(9)

Using relations (8) and (9) yields

4πBT�x; t� �
Z
S

�
Q

r�1 −Mr�

�
e

dS

4πBL�x; t� �
1

c0

Z
S

�
Lr

r�1 −Mr�

�
e

dS

�
Z
t

0

�Z
S

�
Lr

r2�1 −Mr�

�
e�
dS

�
dt� (10)

where the subscripts T and L denote the thickness part and the
loading part of the quantity B�x; t�, respectively. For the numerical
integration in time of the second term on the right-hand side of the
expression for loading part, for a small incrementΔt, the trapezoidal
rule or a rectangular integration in time can be used. Using the
rectangular integration role makes the implementation easy without
any overhead for computation time. Let �t0; t1; : : : ; tn� be the
observer time samples with an increment ofΔt. One can approximate
the time integration from 0 to an arbitrary observer time t � tm by

I �
Xm
k�0

Δt
Z
S

�
Lr

r2�1 −Mr�

�
τek

dS; 0 ≤ m < n (11)

where τek implies that the retarded time is evaluated at the observer
time tk, i.e. τek � τe�x; tk; η�. Using relation (11), the loading part of
Eq. (10) is approximated by

4πBL�x; tm� �
1

c0

Z
S

�
Lr

r�1 −Mr�

�
τem

dS

�
Xm
k�0

Δt
Z
S

�
Lr

r2�1 −Mr�

�
τek

dS (12)

It is worth adding that, by taking the Fourier transform of Eq. (9), one
obtains the acoustic pressure through the following equation:

~p 0�x; f� � i2πf ~B�x; f� (13)

where the term f represents the frequency of sound and the symbols
~p 0 and ~B denote the Fourier transform of p 0 and B, respectively. As
can be seen, the input data of Eq. (10) come from flow simulations do
not need to be differentiated in time or in space. The direct use of the
flowfield data can considerably increase the accuracy and speed of
noise prediction, in particular, for the broadband noise applications,
which deal with the time differentiation of the turbulence data. This is
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the subject of another paper by the authors to be submitted for
publication.
Now,we turn our attention to the acoustic velocity formulation.We

will derive the acoustic velocity potential for an observer fixed to the
medium at rest. Assuming that ϕ�x; t� is the acoustic velocity
potential, we have

p 0�x; t� � −ρ0
∂ϕ�x; t�

∂t
(14)

Therefore, from Eqs. (9) and (14), one has

ϕ�x; t� � −
1

ρ0
B�x; t� (15)

By using relations (10) and (15), the acoustic potential for the
thickness and loading sources is given by

4πρ0ϕT�x; t� � −
Z
S

�
Q

r�1 −Mr�

�
e

dS

4πρ0ϕL�x; t� � −
1

c0

Z
S

�
Lr

r�1 −Mr�

�
e

dS

−
Z
t

0

�Z
S

�
Lr

r2�1 −Mr�

�
e�
dS

�
dt� (16)

Let a 0i �x; t� be the acoustic velocity components of the noise
generated from the sources. One has

a 0i �x; t� �
∂ϕ�x; t�
∂xi

(17)

Using Eqs. (16) and (17), the acoustic velocity components for the
thickness and loading sources are expressed as follows:

4πρ0a
0
Ti�x; t� � −

Z
S

∂
∂xi

�
Q

r�1 −Mr�

�
e

dS

4πρ0a
0
Li�x; t� � −

1

c0

Z
S

∂
∂xi

�
Lr

r�1 −Mr�

�
e

dS

−
Z
t

0

�Z
S

∂
∂xi

�
Lr

r2�1 −Mr�

�
e�
dS

�
dt� (18)

Note that since x, η, and t are independent variables, ∂∕∂xi was taken
inside the integrals (see [9] for more details). To the knowledge of the
authors, it is the first time that this formulation is derived.

A. Formulation V1

For time domain formulation of the acoustic velocity components,
the gradient operator in Eq. (18) is converted to the time derivative. In
general, the terms under the integrals of Eq. (18) are functions of x
and t, through y�η; τe� and τe, as the retarded time τe is a function of x
and t. Hence, for any function F�x; τe�x; t��, one has

∂F
∂xi

����
t

� ∂F
∂xi

����
τe

� ∂F
∂τe

����
x

∂τe
∂xi

����
t

(19)

The first term is a partial derivative describing the explicit x
dependence of the functionF.With the definition of the retarded time
[8], we have

∂τe
∂xi

����
t

� −
1

c0

∂re
∂xi

����
t

� −
1

c0

�
rj
r

�
e

∂�rj�e
∂xi

����
t

� −
1

c0

�
�r̂i�e − �Mr�e

∂τe
∂xi

����
t

�
(20)

From Eq. (20), one has

∂τe
∂xi

����
t

� −
1

c0

�
r̂i

�1 −Mr�

�
e

(21)

On the other hand, as already demonstrated by [10], by using the
definition of retarded time, one can obtain the following rule:

∂τe
∂t

����
x

�
�

1

�1 −Mr�

�
e

(22)

Equation (19) leads to

∂F
∂xi

����
t

� ∂F
∂xi

����
τe

−
�r̂i�e
c0

∂F
∂t

����
x

(23)

Applying relation (23) to the thickness term of Eq. (18), removing for
the time being the integral, we obtain the following relations:

∂
∂xi

�
Q

r�1 −Mr�

�
e

����
t

� ∂
∂xi

�
Q

r�1 −Mr�

�
e

����
τe

−
�r̂i�e
c0

∂
∂t

�
Q

r�1 −Mr�

�
e

����
x

(24)

The first term can be evaluated as follows, since the data surface
source term does not depend explicitly on x:

∂
∂xi

�
Q

r�1 −Mr�

�
e

����
τe

� Q�y�η; τe��
∂
∂xi

�
1

r�1 −Mr�

�
e

����
τe

(25)

with

∂
∂xi

�
1

r�1 −Mr�

�
e

����
τe

� −
�

1

r2�1 −Mr�

�
e

∂re
∂xi

����
τe

� 1

re

∂
∂xi

�
1

�1 −Mr�

�
e

����
τe

(26)

and the relations

∂re
∂xi

����
τe

� �r̂i�e;

1

re

∂
∂xi

�
1

�1 −Mr�

�
e

����
τe

� 1

re

�
1

�1 −Mr�2
�
e

∂�Mr�e
∂xi

����
τe

� 1

re

�
1

�1 −Mr�2
�
e

∂�Mjr̂j�e
∂xi

����
τe

�
�

Mj

r�1 −Mr�2
�
e

∂�r̂j�e
∂xi

����
τe

�
�

Mj

r�1 −Mr�2
�
e

�
δij − r̂ir̂j

r

�
e

�
�

1

r2�1 −Mr�2
�
e

�Mi −Mer̂i�e

(27)

The second term of Eq. (24) is evaluated as follows:

�r̂i�e
c0

∂
∂t

�
Q

r�1 −Mr�

�
e

����
x

� 1

c0

∂
∂t

�
Qr̂i

r�1 −Mr�

�
e

����
x

−
1

c0

�
Q

r�1 −Mr�

�
e

∂�r̂i�e
∂t

����
x

(28)

Since

∂�r̂i�e
∂t

����
x

�
�

1

r�1 −Mr�

�
e

∂�ri�e
∂τe

����
x

−
�

ri
r2�1 −Mr�

�
e

∂re
∂τe

����
x

�
�
−c0Mi � c0r̂iMr

r�1 −Mr�

�
e

(29)

Eq. (28) becomes
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�r̂i�e
c0

∂
∂t

�
Q

r�1 −Mr�

�
e

����
x

� 1

c0

∂
∂t

�
Qr̂i

r�1 −Mr�

�
e

����
x

−
�

Q

r2�1 −Mr�2
�
e

�−Mi � r̂iMr�e (30)

The second term of Eq. (26) is exactly canceled by the second term of
Eq. (24). Hence, one obtains

∂
∂xi

�
Q

r�1 −Mr�

�
e

����
t

� Qe
∂
∂xi

�
1

r�1 −Mr�

�
e

����
τe

−
1

c0

∂
∂t

�
Qr̂i

r�1 −Mr�

�
e

����
x

� 1

c0

�
Q

r�1 −Mr�

�
e

∂�r̂i�e
∂t

����
x

� −
�

Qri
r2�1 −Mr�

�
e

−
1

c0

∂
∂t

�
Qr̂i

r�1 −Mr�

�
e

����
x

�
�
Q

r

�
e

�
∂
∂xi

�
1

r�1 −Mr�

�
e

����
τe

�
�

1

c0�1 −Mr�

�
e

∂�r̂i�e
∂t

����
x

�
(31)

which reduces to the first two terms

∂
∂xi

�
Q

r�1 −Mr�

�
e

����
t

� −
�

Qr̂i
r2�1 −Mr�

�
e

−
1

c0

∂
∂t

�
Qr̂i

r�1 −Mr�

�
e

����
x

(32)

Based on Eq. (32), the gradient operator of the thickness acoustic
velocity component of Eq. (18) can be converted to the time
derivative in the following form:

4πρ0a
0
Ti�x; t� �

1

c0

∂
∂t

Z
S

�
Qr̂i

r�1 −Mr�

�
e

dS�
Z
S

�
Qr̂i

r2�1 −Mr�

�
e

dS

(33)

Since the η frame is time independent, ∂∕∂t of Eq. (33) was taken
outside the integral.
To derive the acoustic velocity formulation of the loading noise,

one can start with the first term on the right-hand side of Eq. (18)
(loading part) as follows:

∂
∂xi

�
Lr

r�1 −Mr�

�
e

����
t

� �r̂j�e
∂
∂xi

�
Lj

r�1 −Mr�

�
e

����
t

�
�

Lj
r�1 −Mr�

�
e

∂�r̂j�e
∂xi

����
t

(34)

Applying Eq. (23) to the gradient operator of the second term on the
right-hand side gives

∂�r̂j�e
∂xi

����
t

�
∂�r̂j�e
∂xi

����
τe

−
�r̂i�e
c0

∂�r̂j�e
∂t

����
x

(35)

Since

∂�r̂j�e
∂xi

����
τe

� ∂
∂xi

�
rj
r

�
e

����
τe

�
δij − r̂ir̂j

r

�
e

(36)

one has

∂�r̂j�e
∂xi

����
t

�
�
δij − r̂ir̂j

r

�
e

−
�r̂i�e
c0

∂�r̂j�e
∂t

����
x

(37)

Therefore, Eq. (34) yields

∂
∂xi

�
Lr

r�1 −Mr�

�
e

����
t

� �r̂j�e
∂
∂xi

�
Lj

r�1 −Mr�

�
e

����
t

�
�
Li − r̂iLr
r2�1 −Mr�

�
e

−
1

c0

�
Ljr̂i

r�1 −Mr�

�
e

∂�r̂j�e
∂t

����
x

(38)

According to relation (23), the first term on the right-hand side of
Eq. (38) is given by

�r̂j�e
∂
∂xi

�
Lj

r�1 −Mr�

�
e

����
t

� −
�r̂j�e
c0

∂
∂t

�
Ljr̂i

r�1 −Mr�

�
e

����
x

−
�

Lrr̂i
r2�1 −Mr�

�
e

� −
1

c0

∂
∂t

�
Lrr̂i

r�1 −Mr�

�
e

����
x

� 1

c0

�
Ljr̂i

r�1 −Mr�

�
e

∂�r̂j�e
∂t

����
x

−
�

Lrr̂i
r2�1 −Mr�

�
e

(39)

Substituting Eq. (39) into Eq. (38) will give

∂
∂xi

�
Lr

r�1 −Mr�

�
e

����
t

� −
1

c0

∂
∂t

�
Lrr̂i

r�1 −Mr�

�
e

����
x

�
�
Li − 2Lrr̂i
r2�1 −Mr�

�
e

(40)

Similarly, one can obtain the following relation for the second termon
the right-hand side of the loading part of Eq. (18). Let

∂
∂xi

�
Lr

r2�1 −Mr�

�
e�

����
t

� 1

re�

∂
∂xi

�
Lr

r�1 −Mr�

�
e�

����
t

−
�

Lr
r3�1 −Mr�

�
e�

∂re�
∂xi

����
t

(41)

From relation (23),

∂re�
∂xi

����
t

� ∂re�
∂xi

����
τe�

−
�r̂i�e�
c0

∂re�
∂t

����
x

� �r̂i�e� −
�r̂i�e�
c0

∂re�
∂t

����
x

(42)

Eq. (41) becomes

∂
∂xi

�
Lr

r2�1 −Mr�

�
e�

����
t

� 1

re�

∂
∂xi

�
Lr

r�1 −Mr�

�
e�

����
t

−
�

Lrr̂i
r3�1 −Mr�

�
e�
� 1

c0

�
Lrr̂i

r3�1 −Mr�

�
e�

∂re�
∂t

����
x

(43)

using relation (40)

1

re�

∂
∂xi

�
Lr

r�1 −Mr�

�
e�

����
t

� −
1

re�

1

c0

∂
∂t

�
Lrr̂i

r�1 −Mr�

�
e�

����
x

�
�
Li − 2Lrr̂i
r3�1 −Mr�

�
e�

� −
1

c0

∂
∂t

�
Lrr̂i

r2�1 −Mr�

�
e�

����
x

−
1

c0

�
Lrr̂i

r3�1 −Mr�

�
e�

∂�ri�e�
∂t

����
x

�
�
Li − 2Lrr̂i
r3�1 −Mr�

�
e�

(44)

Substituting Eq. (44) into Eq. (43) gives

∂
∂xi

�
Lr

r2�1 −Mr�

�
e�

����
t

� −
1

c0

∂
∂t

�
Lrr̂i

r2�1 −Mr�

�
e�

����
x

�
�
Li − 3Lrr̂i
r3�1 −Mr�

�
e�

(45)
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Substituting relations (40) and (45) into the loading part of Eq. (18)
yields

4πρ0a
0
Li�x; t� �

1

c20

∂
∂t

Z
S

�
r̂iLr

r�1 −Mr�

�
e

dS

−
1

c0

Z
S

�
Li − 2r̂iLr
r2�1 −Mr�

�
e

dS −
1

c0

Z
S

�
r̂iLr

r2�1 −Mr�

�
e

dS

−
Z
t

0

�Z
S

�
Li − 3r̂iLr
r3�1 −Mr�

�
e�
dS

�
dt� (46)

This equation reduces to

4πρ0a
0
Li�x; t� �

1

c20

∂
∂t

Z
S

�
r̂iLr

r�1 −Mr�

�
e

dS

−
1

c0

Z
S

�
Li − 3r̂iLr
r2�1 −Mr�

�
e

dS −
Z
t

0

�Z
S

�
Li − 3r̂iLr
r3�1 −Mr�

�
e�
dS

�
dt� (47)

Equations (33) and (47) are called formulation V1 (V denotes
velocity) of Ghorbaniasl, being the analogous to formulation 1 [9] for
the acoustic pressure fluctuations. In this formulation, the observer
time derivatives are also outside of the integral.

B. Formulation V1A

Eliminating the numerical differentiation improves the speed and
accuracy of the calculation [11]. For this reason, the time derivative of
formulation 1 was taken inside the integrals and formulation 1A [9]
was derived. Based on the same philosophy, the time derivatives of
formulation V1 are taken inside the integrals as in the following
equations.

1. Thickness Sources

Starting from Eq. (33) and considering that the data surface frame
is time independent, one takes the time derivative inside the integral
and obtains

∂
∂t

Z
S

�
Qr̂i

r�1 −Mr�

�
e

dS �
Z
S

�
r̂i

∂
∂t

�
Q

r�1 −Mr�

��
e

dS

�
Z
S

�
Q

r�1 −Mr�
∂r̂i
∂t

�
e

dS (48)

Applying relation (29) to the second term of the right-hand side of
Eq. (48) gives

Z
S

�
Q

r�1 −Mr�
∂r̂i
∂t

�
e

dS � c0
Z
S

�
Q
Mrr̂i −Mi

r2�1 −Mr�2
�
e

dS (49)

Therefore, Eq. (33) becomes

4πρ0a
0
Ti�x; t� �

1

c0

Z
S

�
r̂i

∂
∂t

�
Q

r�1 −Mr�

��
e

dS

�
Z
S

�
Q
Mrr̂i −Mi

r2�1 −Mr�2
�
e

dS�
Z
S

�
Qr̂i

r2�1 −Mr�

�
e

dS (50)

or

4πρ0a
0
Ti�x; t� �

1

c0

Z
S

�
r̂i

∂
∂t

�
Q

r�1 −Mr�

��
e

dS

−
Z
S

�
Q

Mi − r̂i
r2�1 −Mr�2

�
e

dS (51)

The thickness noise integrand of the formulation 1 can be observed in
the first term on the right-hand side of this equation. Let

IT �
∂
∂t

�
Q

r�1 −Mr�

�
� 1

1 −Mr

∂
∂τ

�
Q

r�1 −Mr�

�
(52)

Expansion of this expression in the same manner as in the derivation
of formulation 1A gives

IT �
_Q

r�1 −Mr�2
�Qr

_Mr � c0�Mr −M2�
r2�1 −Mr�3

(53)

where _Mr � _Mir̂i. The dot over the quantity implies the
differentiation of this magnitude with respect to the emission time.
Finally, the acoustic velocity components for the thickness sources

are obtained as follows:

4πρ0a
0
Ti�x; t� �

1

c0

Z
S
�r̂iIT �e dS −

Z
S

�
Q

Mi − r̂i
r2�1 −Mr�2

�
e

dS (54)

2. Loading Sources

One can rewrite Eq. (47) as follows:

4πρ0a
0
Li�x; t� �

1

c20

Z
S
r̂i

∂
∂t

�
Lr

r�1 −Mr�

�
e

dS

� 1

c20

Z
S

�
Lr

r�1 −Mr�
∂r̂i
∂t

�
e

dS −
1

c0

Z
S

�
Li − 3r̂iLr
r2�1 −Mr�

�
e

dS

−
Z
t

0

�Z
S

�
Li − 3r̂iLr
r3�1 −Mr�

�
e�
dS

�
dt� (55)

Using relation (29) and rearranging the terms, we have

4πρ0a
0
Li�x; t� �

1

c0

Z
S

�
r̂i

�
1

c0

∂
∂t

�
Lr

r�1 −Mr�

�
e

�
�

Lr
r2�1 −Mr�

���
e

dS

−
1

c0

Z
S

�
Lr

Mi − r̂i
r2�1 −Mr�2

�
e

dS −
1

c0

Z
S

�
Li − Lrr̂i
r2�1 −Mr�

�
e

dS

−
Z
t

0

�Z
S

�
Li − 3Lrr̂i
r3�1 −Mr�

�
e�
dS

�
dt� (56)

It is observed that the loading noise integrand of formulation 1
denoted by IL appears in the first term on the right-hand side of
Eq. (56). Let

IL �
1

c0

∂
∂t

�
Lr

r�1 −Mr�

�
e

�
�

Lr
r2�1 −Mr�

�
(57)

Expansion of this expression in the same manner as in the derivation
of formulation 1A gives

IL �
1

c0

_Lr
r�1 −Mr�2

� Lr − LM
r2�1 −Mr�2

� 1

c0
Lr
r _Mr � c0�Mr −M2�

r2�1 −Mr�3
(58)

with

_Lr � _Lir̂i; LM � LiMi (59)

Finally, the acoustic velocity components for the loading sources are
given by

4πρ0a
0
Li�x; t� �

1

c0

Z
S
�r̂iIL�e dS −

1

c0

Z
S

�
Lr

Mi − r̂i
r2�1 −Mr�2

�
e

dS

−
1

c0

Z
S

�
Li − Lrr̂i
r2�1 −Mr�

�
e

dS −
Z
t

0

�Z
S

�
Li − 3Lrr̂i
r3�1 −Mr�

�
e�
dS

�
dt�

(60)

Equations (54) and (60) together with relations (53) and (58) are
referred to as formulation V1A of Ghorbaniasl, being analogous to
the formulation 1A for the acoustic pressure fluctuations. This
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formulation is numerically more efficient since the numerical time
derivative of formulation V1 has been eliminated. This formulation is
valid for bodies with a complex geometry and an arbitrary motion.
Note that formulations V1 and V1A are derived for an observer fixed
to undisturbed medium.
The time integration in the loading part adds very little overhead to

the computation, since it is computed using a trapezoidal rule on the
time series for velocity, adding only a small amount of extra work at
each time point, as the new point is added to the trapezoidal rule.
However, we propose to use a rectangular integration rule in which
there is not any extrawork due to this integration on the time series for
velocity. We have shown the procedure in Fig. 1. A compact form of
Eq. (60) is used in this diagram,

4πρ0a
0
Li�x; t� � I1 −

Z
t

0

I2 dt
�

For each observer time point, the acoustic velocity is evaluated by
summing I1 and I2 in the same fashion as done in formulation 1A. It
can be observed that the time integration part is performed at the same
time as the acoustic velocity is computed for each observer time, and
there is no overhead when this rectangular time integration rule is
used. It will be shownwith numerical examples that formulationV1A
requires the same amount of computation time as formulation 1A.
The advantage of formulation V1A over formulation G1A is that,

first, it is mathematically muchmore compact than formulation G1A.
This property makes the formulation easy to implement. Second, it
obviates the need of computing second-order time derivatives at each
observer time, which makes formulation G1A computationally
expensive. As demonstrated by [6], formulation G1A requires three
times as much computation time as formulation 1A. The reduction of
computation time can bevery important for the formulationwhen it is
applied for noise scattering problems. Variables with the second-
order time derivatives inside integrals can also reduce the accuracy of
simulations. We should also mention that because formulation V1A
computes the acoustic velocity directly, there is no need for the extra
computations required by formulation G1A for acoustic velocity
determination.
It is worth adding that formulation V1A is much similar to

formulation G1 in the form, except that the time derivative of
formulation G1 outside the integrals must still be performed. The
speed and accuracy of the noise calculation is improved by the
elimination of the time derivative. The accuracy of the simulation is
also very sensitive to the algorithm chosen for handling the time
derivative outside the integrals. In order to overcome this problem the
time derivative outside the integrals is eliminated and formulation
G1A is developed. Based on the same reason, formulation 1A has

been obtained from formulation 1. As [6] showed, formulation G1
requires approximately five times as much computation time as
formulation 1A. Taking the time derivative inside the integrals of G1
increases the speed and the accuracy but leads to a long formula of
G1A. It involves terms with second time derivatives inside integrals,
which can disturb accuracy and decrease the speed. Formulation
V1A only contains the variable of formulation 1A, which is a very
important from numerical point of view.
The simple case of a stationary data surface is commonly used in

the hybrid CFD/acoustic analogy approach. In this case,M � 0 and
formulation V1A reduces to

4πρ0a
0
Ti�x; t� �

1

c0

Z
S
�r̂iIT �e dS −

Z
S

�
Q
−r̂i
r2

�
e

dS

4πρ0a
0
Li�x; t� �

1

c0

Z
S
�r̂iIL�e dS −

1

c0

Z
S

�
Lr

−r̂i
r2

�
e

dS

−
1

c0

Z
S

�
Li − r̂iLr

r2

�
e

dS −
Z
t

0

�Z
S

�
Li − 3r̂iLr

r3

�
e�
dS

�
dt� (61)

where

IT �
_Q

r
IL �

1

c0

_Lr
r
� Lr
r2

(62)

In this case, the emission distance between the observer and the
source is constant, and the radius r does not depend on the retarded
time. Therefore, the retarded time is obtained with an explicit
solution, where no iterative method is needed. This reduces the
computational time.

IV. Numerical Results

In this section, the acoustic velocity field simulated by the derived
formulation is validated through three test cases. The first case
considers a 3-Dmonopole source, which is identifiedwith a pulsating
sphere. The second test case contains a 3-D dipole source. The third
test case is the consistency test known as the Isom thickness noise
[12]. Showing the quality and reliability of the developed formulation
for acoustic scattering problems and real flows is our future work.

A. Test Case 1: Pulsating Sphere

In order to verify the numerical algorithms, the analytical solution
of a 3-D monopole source has been used. A 3-D monopole is
identified with a pulsating sphere as the small sphere with a radius a
in Fig. 2. The pressure fluctuation induced by the pulsating sphere is
represented by a harmonic spherical wave

Fig. 1 The procedure for the time history loading part of acoustic
velocity is shown. Fig. 2 Monopole source and data surface are shown.
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p 0�r; t� � Aωρ0
4πr

1���������������������
1� �ka�2

p cos�ωt − k�r − a� � ϕ0� (63)

where ω and k are, respectively, the angular velocity and the wave
number of the fluctuations, and

ϕ0 � tan−1�1∕ka� r �
���������������������������
x2 � y2 � z2

q
(64)

The velocity is easily obtained with

ur�r; t� �
1���������������������

1� �ka�2
p

�
Ak

4πr
cos�ωt − k�r − a� � ϕ0�

� A

4πr2
sin�ωt − k�r − a� � ϕ0�

�
(65)

In the preceding equations, the termA equals 4πa2U (see Fig. 2). One
can also obtain the velocity components in the Cartesian frame as

u � x
r
ur v � y

r
ur w � z

r
ur (66)

To perform the calculation for this test case, we take the radius of the
spherical penetrable data surface rs to be 3.25a. The large spherewith
radius rs in Fig. 2 is the data surface, which contains the sources
obtained from Eqs. (63) and (66). The ambient speed of sound c0 is
set to be 340 m∕s. The density for the undisturbed medium is
assumed to be 1.2 kg∕m3. The angular frequency ω of the source is
1020 rad∕s. The other parameters are a � 0.01 m and U � 8 m∕s.
The total number of computational grid points is 4095. The grid
points arewell distributed on the spherical surfacewith increments of
Δθ andΔβ equal to 4 deg. This resolution for the data surface with a
radius of rs � 0.0325 mwas fine enough. The temporal resolution is
fine enough, namely, Δt∕T is smaller than 0.02. The observer
distance is assumed to be R � 20 m.
The numerical method is applied to this test case, and the acoustic

velocity components are calculated. The calculated results are
compared with analytical solutions for different observer positions.
The x, y, and z components of the acoustic velocity obtained with
formulation V1A is plotted in Figs. 3–5, respectively. As can be seen,
there is a very good agreement between the numerical method and
the analytical solution. This excellent agreement between the
results verifies that the formulation predicts the acoustic velocity
components accurately for this case.

B. Test Case 2: A Three-Dimensional Dipole Source

A compact oscillating sphere, which is equivalent to two very
closely positioned monopole point sources with opposite fluctuation

phases, is denoted as a dipole point source. A dipole has an axis,
which is the line connecting the centers of the two nearby monopoles
(pulsating spheres with radius of a). Themonopoles are positioned in
the y direction with a distance of d∕2 � 1.25a from the center (d is
the distance between the two monopole points). The pressure
fluctuation induced by the twomonopoles for an observer positioned
at (x; y; z) is

p 0�r; t� � −
Aωρ0
4πr1

1���������������������
1� �ka�2

p cos�ωt − k�r1 − a� � ϕ0�

� Aωρ0
4πr2

1���������������������
1� �ka�2

p cos�ωt − k�r2 − a� � ϕ0� (67)

with

ϕ0 � tan−1�1∕ka� r1 �
����������������������������������������������
x2 � �y� 0.5d�2 � z2

q

r2 �
�������������������������������������������
x2��y − 0.5d�2 � z2

q
(68)

The problem parameters are the same as those of the previous
problem. For this source, the particle velocity components in
Cartesian coordinates are

u � −
x

r1
ur�r1; t� �

x

r2
ur�r2; t�

v � −
y� 0.5d

r1
ur�r1; t� �

y − 0.5d

r2
ur�r2; t�

w � −
z

r1
ur�r1; t� �

z

r2
ur�r2; t� (69)

where the terms ur�r; t� are obtained from Eq. (65).
The integration surface used in the previous test case is also used

here, i.e., rs � 3.25a m. The following parameters are used:
ω � 1020 rad∕s, a � 0.01 m, U � 8 m∕s, c0 � 340 m∕s, and
ρ0 � 1.2 kg∕m3. The flow parameters and the observer distance are
chosen the same as in the previous case.
There are 7200 panels on the spherical penetrable surface. In order

to record the acoustic time history, 256 observer time points are used
per period. The computation is performed for this test case, and the
acoustic velocity components are calculated. The computed results
are compared with those of the analytical solution, showing for
different observer positions. As shown in Figs. 6–8, the numerical
and analytical methods match each other quite well.

Fig. 3 The calculated x-component of acoustic velocity compared with that of the analytical solution is shown for different observer positions.
a) β � 18 deg; b) β � 72 deg. Monopole source point.
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C. Test Case 3: Isom Noise Consistency

The Isom thickness noise property [12–14] is described in [15]. It
is demonstrated that if a constant aerodynamic load, p � ρ0c

2
0 is

applied over a moving surface the generated dipole noise should be
identical to the monopole thickness noise contribution.

This consistency has already been tested for a conventional
helicopter blade [16]. It was shown that by including the blade tip
source and refining the grid at the inner and outer radii of the blade,
the calculated Isom noise results match the monopole noise results
quite well. It was also indicated that by decreasing the thickness ratio

Fig. 5 The calculated z-component of acoustic velocity compared with that of the analytical solution is shown for different observer positions.

a) β � 18 deg; b) β � 72 deg. Monopole source point.

Fig. 6 The calculated x-component of acoustic velocity compared with that of the analytical solution is shown for different observer positions.
a) β � 18 deg; b) β � 36 deg. Dipole source point.

Fig. 4 The calculated y-component of acoustic velocity compared with that of the analytical solution is shown for different observer positions.
a) β � 18 deg; b) β � 72 deg. Monopole source point.

GHORBANIASL, CARLEY, AND LACOR 639

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
N

N
E

SS
E

E
 o

n 
A

pr
il 

1,
 2

01
3 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

19
58

 



at the extremities of the blade the calculated results agree with the
theory. The sensitivity of the Isom noise consistency test to temporal
resolution, Mach number, source-observer distance, and interpola-
tion algorithm type has been studied in [17].
In the present work, we will show that the Isom noise consistency

test is also valid for the acoustic velocity field. According to the
relation between the acoustic pressure and the acoustic velocity
potential or the relation of ∂p 0∕∂xi � −ρ0∂a 0i∕∂t, this is theoretically
valid. We will show a numerical confirmation of this consistency for
the acoustic velocity. Furthermore, it will be shown that if dipole
noise is induced by a uniform distribution of the load p � ρ0c

2
0 on

the entire moving data surface the generated acoustic velocity
components are identical to those generated by the thickness
source.
The numerical strategy is applied to the noise generated by the flow

around a conventional helicopter rotor test case. The helicopter rotor
consists of two equally spaced blades 10 m in diameter with a
constant chord of 0.4 m. The thickness ratio of the blades is 10%,
which vanishes at the inner and outer radii of the blade. The schematic
of the blade geometry and its thickness ratio decreasing at the
extremities are shown in Fig. 9. The blade tipMach number is fixed at
0.8. The observer is located 50 m from the origin of the blade-
fixed frame.
The blade surface is discretized into 75 cells around the blade

airfoil and 100 divisions along the radial direction for complete
convergence. A nonuniform mesh density is used in both directions.

A calculation is performed for 128 time points per blade passage to
resolve the pressure time history.
The x, y, and z components of the acoustic velocity generated by

the Isom source are shown in Figs. 10–12, respectively. The
associated acoustic velocity components generated by the thickness
noise source are also plotted in these figures for comparison. As
can be seen, there is excellent agreement between the acoustic
velocity due to the Isom thickness noise source and that from the
thickness noise source. The agreement between the results is
observed for different acoustic velocity components and for all of
the observer positions chosen. This agreement confirms that the
derived formulation can be used to accurately compute the acoustic
velocity for the monopole and dipole type sources on the data
surface.
Formulation 1A is considered as a reference and the computational

time for formulation V1A is evaluated for test cases used. Table 1

Fig. 7 The calculated y-component of acoustic velocity compared with that of the analytical solution is shown for different observer positions.

a) β � 18 deg; b) β � 36 deg. Dipole source point.

Fig. 8 The calculated z-component of acoustic velocity compared with that of the analytical solution is shown for different observer positions.
a) β � 18 deg; b) β � 36 deg. Dipole source point.

Fig. 9 Blade geometry and its decreased thickness ratio at the
extremities are shown.
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shows the comparison of computational time between formulation
1A and formulation V1A. As can be seen, formulation V1A required
the same computation time as formulation 1A for each test case.
There is a negligible overhead due to time integration term in the
loading part of formulation V1A.

Fig. 10 The calculated x-component of acoustic velocity generated by Isom noise source is comparedwith that of the thickness noise source for different
observer positions. a) β � 54 deg; b) β � 108 deg.

Fig. 11 The calculated y-component of acoustic velocity generated by Isom noise source is compared with that of the thickness noise source for different
observer positions. a) β � 54 deg; b) β � 108 deg.

Fig. 12 The calculated z-component of acoustic velocity generated by Isom noise source is compared with that of the thickness noise source for different
observer positions. a) β � 54 deg; b) β � 108 deg.

Table 1 Comparison of computational time is shown
for the three test cases used

Test case 1 Test case 2 Test case 3

Formulation 1A 9.50 s 13.55 s 14.38 s
Formulation V1A 9.52 s 13.58 s 14.41 s

GHORBANIASL, CARLEY, AND LACOR 641

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
T

E
N

N
E

SS
E

E
 o

n 
A

pr
il 

1,
 2

01
3 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

19
58

 



V. Conclusions

In this paper, new formulations are derived for the prediction of the
acoustic velocity field generated by moving bodies in a medium at
rest. They have been named formulation V1 andV1A,which provide
a solution for the acoustic velocity components in the time domain,
when the geometry, displacement, and aerodynamic loading of the
data surface enclosing the moving body are given. It was shown that
the formulations are simple and compact, and they are easy to
implement in any of the numerical acoustic pressure codes based on a
Green’s function solution. It was also observed that formulation V1A
uses only the quantities of formulation 1A, requiring the same
amount of computation time as formulation 1A. The advantages of
formulation 1A over formulations G1 and G1Awere demonstrated.

A verification study was conducted based on three cases: a
pulsating sphere, a three-dimensional dipole source, and a
consistency test for a conventional helicopter rotor case. For the
third case, by using a rigid data surface the acoustic velocity field of
the thickness noise was compared with that of the loading noise. For
the pulsating sphere and the dipole source, by using a permeable data
surface the comparison was performed between analytical and
numerical solutions. Numerical tests have shown that formulations
developed are valid for both rigid and permeable type data surfaces
and predict the acoustic velocity accurately.
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